" REGULARITY OF SOLUTIONS TO PARABOLIC 
MONGE-AMPERE EQUATIONS 

PANAGIOTA DASKALOPOULOS* AND OVIDIU SAVIN** 

Abstract. We study interior C^'" regularity of viscosity solutions of the par- 
abolic Monge-Ampere equation 

ut = b{x,t) {dct D^u)P, 

with exponent p > and with coefficients b which are bounded and measurable. 
We show that when p is less than the critical power then solutions become 
instantly C^'°' in the interior. Also, we prove the same result for any power 
p > at those points where either the solution separates from the initial data, 
or where the initial data is C^'^. 



1. Introduction 

In this paper we investigate interior regularity of viscosity solutions of the par- 
abolic Monge-Ampere equation 

(1.1) ut = b{x,t){detD'^uf, 

with exponent p > and with coefficients b which are bounded measurable and 
satisfy 

(1.2) X<b{x,t)<A 

for some fixed constants A > and A < oo. We assume that the function u is 
convex in x and increasing in t. 

Equations of the form of (jl.ip appear in geometric evolution problems and in 
particular in the motion of a convex n-dimensional hyper-surface E" embedded in 
jgn+i y]-^(jgi- Gauss curvature flow with exponent p, namely the equation 

dP 

(1.3) -=/.^N 

where each point P moves in the inward direction N to the surface with velocity 
equal to the p-power of its Gaussian curvature K. If we express the surface E"(i) 
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locally as a graph Xn+i — u{x,t), with x G C M", then the function u satisfies 
the parabolic Monge- Ampere equation 

(1 + I Vup) 2 

Since any convex solution satisfies locally the bound |Vu| < C, equation p.4p 
becomes of the form (ll.ip . 

The case p = 1 corresponds to the well studied Gauss curvature flow which was 
first introduced by W. Firey in [5j as a model for the wearing process of stones. It 
follows from the work of Tso [15 that uniformly strictly convex hyper-surfaces will 
become instantly C°° smooth and they remain smooth up to their vanishing time T. 
However, convex surfaces which are not necessarily uniformly strictly convex, may 
not become instantly strictly convex and smooth (c.f. [12j . [5]) and their regularity 
poses an interesting problem that we will investigate in this paper. 

Equations of the form (|1.3p for different powers of p > were studied by B. 
Andrews in [T] (see also in ^). He showed that when p < 1/n any convex hyper- 
surface will become instantly strictly uniformly convex and smooth. 

It can be seen from radially symmetric examples that, when p > l/n, surfaces 
evolving by (|1.3p or (jl.ip may have a flat side that persists for some time before 
it disappears. These surfaces are of class C^''^'' with jp :— ^ . Since 7^ < 1 if 
p > solutions which are not strictly convex fail, in general, to be of class C^'^ 
in this range of exponents. In particular, solutions to the Gauss curvature flow 
(p = 1) with flat sides are no better than C^'"^ while the flat sides persist. The 
(ji,a regularity of solutions of ()1.3p for any p > will be addressed in this work. 

In dimension n = 2, the regularity for the Gauss curvature flow (p = 1) is 
well understood. It follows from the work of B. Andrews in [2 that, in this case, 
all surfaces become instantly of class C^'^ and remain so up to a time when they 
become strictly convex and therefore smooth, before they contract to a point. Also, 
it follows from the works of the first author with Hamilton [7] and Lee [S] that C^'^ 
is the optimal regularity here, as can be seen from evolving surfaces in R'^ with 
fiat sides. The optimal regularity of surfaces with fiat sides and interfaces was 
further discussed in [7l [8] . 

We mention that C^'" and W^'^ interior estimates were established by Gutierrez 
and Huang in [11 for equations similar to (jl.ip for p ~ —\ and by Huang and Lu 
for p ~ However, their work requires uniform convexity of the initial data and 
strict monotonicity of the function on the lateral boundary. 
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If -u; is a solution to the Monge- Ampere equation 

detr>^w = i, xencM.", 

then u{x,t) ~ w{x) + 1 solves equation (jl.ip with b = 1 for any p. The question of 
regularity for the Monge- Ampere equation is closely related to the strict convexity 
of w. Strict convexity does not always hold in the interior as it can be seen from 
a classical example due to Pogorelov [T4j. However, CafFarelli [3] showed that if 
the convex set D where w coincides with a tangent plane contains at least a line 
segment then all extremal points of D must lie on dfl. We prove the parabolic 
version of this result for solution of (|l.ip . Our result says that, if at a time t the 
convex set D where u equals a tangent plane contains at least a line segment then, 
either the extremal points of D lie on dfl or t) coincides with the initial data on 
D (see Theorem 15. 3p . The second behavior occurs for example in those solutions 
with flat sides. In other words, a line segment in the graph of u at time t cither 
originates from the boundary data at time t or from the initial data. 

We prove a similar result for angles instead of line segments, which is crucial for 
our estimates. We show that if at a time t the solution u admits a tangent angle 
from below then either the set where u coincides with the edge of the angle has all 
extremal points on dfl or the initial data has the same tangent angle from below 
(see Theorem 16. II) . 

The C^'" regularity is closely related to understanding whether or not solutions 
separate instantly away from the edges of a tangent angle of the initial data. It 
turns out that when p > -^^^ the set where u coincides with the edge of the angle 
may persist for some time (see Proposition 14. 81) . hence regularity does not hold 
in this case without further hypotheses. If p < we prove that, at any time t 
after the initial time, solutions are C^'" in the interior of any section of m(-, t) which 
is included in f2 (see Theorem I8.ip . For the critical exponent p ~ we show 
that solutions are with a logarithmic modulus of continuity for the gradient (see 
Theorem 113). 

In the case of any power p > we prove C^'" estimates at all points (x, t) where 
u separates from the initial data (see Theorem I8.4p . Also, if we assume that the 
initial data is C^'^ in some direction e then we show that the solution is C^'" in 
the same direction e for all later times (see Theorem 18.31) . 

In particular, our methods can be applied for solutions with flat sides. If the 
initial data has a flat side D C R", then solutions are C^'" for all later times in the 
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interior of _D. A similar statement holds for solutions that contain edges of tangent 
angles: they are C^'°' along the direction of the edge for all later times. To be more 
precise we state these results below. 

Theorem 1.1. Let u be a viscosity solution of (jl.ip in x [0,T] with u{x,0) > 
in Q, u{x, 0) > 1 071 dfl. There exists a > depending on n, A, A,p such that 

a) u{x,t) is C^'" in x at all points {x,t) with x an interior point of the set 
{u{x, 0) = 0} and u(x, t) < 1. 

b) lfu{x,0) > \xn\ then u{x,t) is C^'"^ in the x' variables at all points {{x',0),t) 
with x' an interior point of the set {x' : u{{x' , 0), 0) = 0} and u{x, t) < 1. 

We finally remark that the equations for negative and positive powers are 
in some sense dual to each other. Indeed, if m is a solution of and u*{£,,t) is 
the Legendre transform of u{-,t) then 

u* = t)(det D^u*)~P, A < b{^, t) < A. 

The paper is organized as follows. In section 2 we introduce the notation and 
some geometric properties of sections of convex functions. In sections 3 we derive 
estimates for subsolutions and supersolutions. In section 4 we discuss the separation 
of solutions away from constant solutions such as planes and angles. In sections 5 
and 6 we discuss the geometry of lines and angles. In section 7 and 8 we quantify 
the results of section 6 and prove the main theorems concerning C^'" regularity. 

2. Preliminaries 

We use the standard notation Br{xo) := {x G M" : |a; — xo] < r} to denote the 
open ball of radius r and center xq, and we write shortly Br for Br{0). Also, given a 
point X = {xi, • ■ • , Xn) e K", we denote by x' the point x' — (xi, • • • , a;„_i) G K"^-'^. 

Throughout the paper we refer to positive constants depending on n. A, A and 
p as universal constants. We denote them by abuse of notation as c for small 
constants and C for large constants, although their values change from line to line. 
If a constant depends on universal constants and other parameters d, S etc. then 
we denote them by c(d, 5), C{d, 5). 

We use the following definition to say that a function is C^'" in a pointwise sense. 

Definition 2.1. A function w is C^'" at a point xq if there exists a linear function 
l{x) and a constant C such that 

\w{x)-l{x)\ <C|a;-xo|^+". 
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A function is C^'" in a set D if it is C^'" at each x E D. 

A function is C^'°' at a point xq in the direction e if it is C^'" at xo when 
restricted to the line xq + se, s G M. 

Next we introduce the notion of a section. We denote by Sh{x, t) C M" a section 
at height h of the function u at the point {x, t) defined by 

Sh{x, t) := {y e fl : u{y, t) < u{x, t) + ph ■ [y - x) + h}, 

for some ph G M". Sometimes, in order to simpHfy the notation, we denote such 
sections as Sh, Sh{t) whenever there is no possibihty of confusion. 

We define the notion of d-balanced convex set with respect to a point. 

Definition 2.2 (d-balanced convex set). A convex set S with E S is called d- 
balanced with respect to the origin, if there exists a linear transformation A ( which 
maps the origin into the origin) such that 

BiCASc Bd. 

Clearly, the notion of d-balanced set around is invariant under linear transfor- 
mations. Next we recall 

John's lemma Every convex set in R" is Cn-balanced with respect to its center 
of mass, with Cn depending only on n. 

It is often convenient to consider sections at a point x that have x as center of 
mass. We denote such sections by Th{x,t) instead of Sh{x,t). The existence of 
centered sections is due to Caffarelli [4|. 

Theorem. [Centered sections] Let w be a convex function defined on a bounded 
convex domain D,. For each xq G fl, and h > there exists a centered h-section 
Th{xo) at Xq 

Th{xo) ■■= {w{x) < w{xo) + h+ph ■ {x - Xq)} 

(for some ph G K" j which has Xq as its center of mass. 

The following simple observations follow from the definition of d-balanced sets 
and will be used throughout the paper. 

Remark 2.3. Assume that the /i-section of w, 

Sh{xo) = {w{x) < w{xq) + h+ph- {x - Xo)}, 
is d-balanced around a;o. Then, 

—dh< w{x) — {w{xo) + h + ph ■ {x — Xo)) < 0, in Sh{xo). 
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Also, if we assume w >0 and w{xo) = 0, then w{x) < dhiov all x £ Sh{xo). 

Next lemma proves the existence of certain balanced sections which are com- 
pactly included in the domain of definition. It says that if we have a c?-balanced 
section Sh which is compactly included in il, then we can find C„d-balanced sections 
for all smaller heights than h that are included in Sh- 

Lemma 2.4. (a) Assume that w is a convex function defined on a set Q C M" 
with w(0) = such that Si := {x : 'w{x) < 1} CC O is d-balanced around 0. Then, 
there exists a constant C„ > depending only on n, such that for every h < 1 we 
can find a section Sh at height h with Sh C Si and Sh is Cnd-balanced around 0. 

(b) Let us denote by r{x) the volume of the maximal ellipsoid centered at x that 
is included in Si . Then, there exists a number C„ > such that the section Sh in 
part (a) is either Cn-balanced around or r{x*) > 2r(0) where x* is the center of 
mass of Sh- 

Proof, a) For h < 1 fixed, consider the section Sh at height h that has as its 
center of mass. If Sh C Si we have nothing to prove. Assume not and let's say 

Sh = {w{x) < h + acn- x}, for some a > 0. 

We decrease the slope a continuously till we obtain the section Sh,t '-= {w < 
h + tCn ■ x} fov which the set 

{ {x, Xn+l) ■- X e Sh,t, Xn+l = /l + t e„ • X } 

becomes tangent to the hyper-plane Xn+i = 1 at a point (a;o, 1). We will show that 
Sh^t satisfies (a) and (b). 

Clearly Sh,t C Si- At the point xq we have xq € dSi and 

Si C {{x-xo)-en < 0}. 

Since Si is d-balanccd, wc may assume that Bi C Si C Bd hence 1 < xo • (;„. Also, 
Sh n {xn = 0} = Sh.t n {xn ~ 0}, hence the section Sh,t is already C„-balanced in 
x' := [xi, ■ ■ ■ , Xn-i) around 0. 

Since t < a, the center of mass x* of Sh,t satisfies a;* ■ e„ < 0. This together with 
2^0 ■ e„ > 1 and xq S dSh,t C B^, implies that Sh,t is C„d-balanced around in all 
the directions. 
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b) If we assume that 



(2.1) - X* ■ en < Co{n) xo ■ Cn 

then we obtain that Sh.t is C{n^C'o{n)) balanced with respect to 0. Assume now 
that (|2.ip doesn't hold and denote by E the maximum volume ellipsoid centered 
at which is included in 5*1. After an afhne transformation we have the following: 

E = Bi C Si, Sh^f C {{x - xo) ■ en <0}, xq € dSh,t 

and 

-X* ■ Bn > Co{n) xo ■ en > Co{n) 

which implies that |a;*| > Co{n). Since x* is the center of mass of Sh.t and £ Sh,t 
we see from John's lemma that (l + c„) x* e Sh,t C 5*1. Hence if Co{n) is sufficiently 
large we can find an ellipsoid of volume 2 centered at x* and included in the convex 
set generated by (1 + c„) x* and Bi. This convex set is contained in Si, and this 
concludes the proof of part (b). □ 

3. ESTIMATES FOR SUBSOLUTIONS AND SUPERSOLUTIONS 

In this section we use the scaling of the equation to derive estimates for viscosity 
subsolutions and supersolutions of 

(3.1) A (det D^uf <ut<A (det D^uf, x € n. 

Throughout the paper we assume that u is convex in x, increasing in t and the 
domain Q is convex and bounded. 

Let us now introduce the scaling of equation (j3.1|) . Given an affine transformation 
A :— R" R" and h > 0,m > positive constants, the function 

v(x,t) := —u(Ax,mt) 
h 

is a solution of equation p.ip provided 

(detA)2p 
m = — , — . 

The equation is not affected by adding or subtracting a linear function in x. 
For this reason we write our comparison results using constant functions instead of 
linear functions. 
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Lemma 3.1. Let u be a viscosity subsolution in Bi i.e. 

ut < A{det D^u)P 

with 

u(0,0)>-l, u{x,0) <0 on dBi. 

Then 

u(0,t)>-2 fort>-c, 

with c > universal. 

Proof. If u(0, — c) < —2 then, by convexity, u at time — c is below the cone generated 
by (0, -2) and dBi i.e 

u{x,-c) < ~2 + 2\x\ inSi. 

This impUes that u < w on the boundary of the parabohc cyUnder Bi x [— c, 0] for 

3 

w{x, t) m{t + c) + 2\x\^ - - with to = A4"p . 

Since i«f = A(dct D^w)^ we obtain by the maximum principle that u(0, 0) < w{0, 0) 
and we reach a contradiction by choosing c — 1/(4to). 

□ 

Remark 3.2. The conclusion can be replaced by u{0, t) > —(1 + 6) for t > —c{S). 

The scaling of the equation and the previous lemma give the following: 

Proposition 3.3. Assume that u is a viscosity subsolution in a convex set S with 
center of mass 0. // 

u{0, 0) > -h, u{x, 0) < on dS, 

then 

u{0,t)>-2h for t>-cj-^, 

with c universal. 

Proof. From John's lemma there exists a linear transformation A such that 
BiCA-^S with detA > c(n)|S'|. 



The proposition follows by applying Lemma 13.11 to the rescaled solution 

/ , 1 , (detA)2p 

v{x,t} -u{Ax,mt}, m = —^-—^. 

□ 
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Remark 3.4. We obtain a slightly different version of Proposition 13.31 by requiring 
S to be only d-balanced around the origin and by replacing the conclusion by 
^{0, t) > — (1 + S)h. In this case we need to take the constant c = c{d, 6) depending 
also on d and S as can be seen from the proofs of Lemma |3. II and Proposition 13. 31 



Remark 3.5. In general we apply Proposition 13. 31 at a point {xo,to) in an /i-section 
Sh — Sh{xQ,tQ) which is d-balanced around Xq to conclude that 

\Sh\'P 



y-ixo, t) > u{xo, to) — h for t >tQ ~ c 



Remark 3.6. At a given point we can apply the Proposition directly in the sections 
given by its tangent plane. Indeed, taking S to be the set 

Sh = 5^(0, 0) := {u<h + P{x)}, P{x) := w(0, 0) + Vu(0, 0) • x 

we conclude that t) > P{x*) — 2h with x* the center of mass of Sh. This, by 
John's lemma, implies a bound in whole Sh 

u{x,t) > P{x) ~ C{n) h, ioT all X e Sh, t > -c |^„p_i , 
with C{n) depending only on the dimension. 

Corollary 3.7. Assume that u is a bounded subsolution of equation p.ip in the 
cylinder Qi := Bi x [—1,0]. Then, u is uniformly Holder continuous in time t on 
the cylinder Q1/2 := -B1/2 x [^1/2, 0], namely u G C^'^{Qi/2)j with (3—1/ {np+ 1). 

Proof. Since u is bounded on Qi, the convexity of u{-,t) implies that |Vii| is 
bounded by a constant M in Q3/4. Then, by Proposition 13.31 applied in Bh{x), 
with X £ Bi/2 and < 1/4, we have 

\Bh{x)\'^P 

(3.2) - 2M h < u{x, t) - u{x, 0) < if - c ' <t<0. 

Taking t = —ci h"P^^, we find that for all t small enough 

\uix, t) - u{x, 0)1 < C{M) ti/(»P+i) 
from which the desired result readily follows. □ 
As a consequence we obtain compactness of viscosity solutions. 

Corollary 3.8. A sequence of bounded solutions of (|3.ip m 17 x [— T, 0] has a 

subsequence that converges uniformly on compact sets to a solution of the same 
equation. 
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Next we discuss the case of supersolutions. 



Lemma 3.9. Let u be a viscosity supersolution in S C Bi i.e. 



ut>\ (det D'^u) 



with 



u{x, 0) > —1 in S, 



u{x, 0) > on dS. 



Then 




with C > universal. 

Proof. The lemma follows by comparison of our solution u with the function 



on the cylinder S x [0, C]. The function w is a solution of the equation wt = 
X{det D^w)P and, since S C Bi, satisfies w < on dS(Q) x [0, C]. In addition, by 
choosing C = 1/A, we have w(x,0) < — 1 < u{x,0) for x G S. The comparison 
principle implies u{x,C) > w(x,C) > —1/2 in S. 



Remark 3.10. We can replace —1/2 by —6 in the lemma above by taking C = C{S) 
depending also on S. 

Remark 3.11. If we assume that S is d-balanced around and u(0,0) = — 1, 
u{x, 0) = on dS, then the same conclusion holds by taking C = C{d) depending 
also on d. Indeed, in this case we obtain u{x,Q) > —C{d) for all a; € S and the 
desired conclusion follows as before. 

The scaling of the equation and the previous lemma give the following: 

Proposition 3.12. Let u he a supersolution in O and assume 




□ 



u{x, 0) > 0, and Su ■= {u{x, 0) < h} CC ^l. 



Then 



u{;t)>-, for t>C 



finp-l ' 



with C universal. 
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Proof. Let A be a linear transformation such that A^^Sh C Bi so that detA < 

C{n)\Sh\- We then apply the previous lemma to the re-scaled solution 

1 ^ (detA)2p 

- j^u{Ax, mt) - 1, m = ■ 

□ 

Remark 3.13. In view of Remark 13.111 we obtain a version of Proposition 13.121 
for sections Sh — Sh{xo,to) which are d-balanced around xq and are compactly 
included in and conclude that 

u{xo,t)>uixo,to) + il-S)h for t > to + C{S, d)^j-^. 

4. Separation from constant solutions 

In this section we consider the case when the solution u at the initial time t — 
is above a given function w depending only on n — 1 variables, u and w coincide 
at the origin, and u > w on dQ. We investigate whether u separates from w 
instantaneously for positive times, i.e u(0, t) > w(0) for all t > 0. Of particular 
interest is the case of angles given hy w = \xn\- 

Throughout this section we assume that u{x, 0) > 0. For ft, > we will consider 
the sub-level set Sh{t) of our solution u{-,t) in fl which is defined as 

Sh{t) ■.= {xen: u{x,t) < h}. 

We will also consider balls B'p C M"^^, namely 

B'p := {x' = {xi,- ■ ■ ,xn-i) e M"-i : \x'\ < p}. 

Proposition 4.1. Let u be a supersolution in ft x [0,T] with u > at t = 0. 
Assume that Sh{0) H {x„ < 2/3} is compactly included in and is included as well 
in the cylinder {0 < a;„ < 2/3} x S' for a bounded domain S' C M"^^ and two 
positive constants h > 0, f3 > 0. Then, 

(0\S'\)'^P 

Sh/4ito) C {xn > /3}, for to = C ^^^'„pl; , 

with C universal. 

Proof. We apply Proposition 13.31 for 

h 

u = u+ — x„ 
Zp 

and see that u > u > 0. Also {u{x, 0) < h} is compactly included in fl and 
is included in {0 < a;„ < 2/3} x S' . We conclude that u{x,to) > jh with to 
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given above. This imphes that if x„ < /? then u{x,to) > u{x,to) — ^ > j hence 

Sh/iito) C {Xn > /?}. □ 

From Proposition 14.11 we obtain the foUowing corollary. 
Corollary 4.2. Let u be a supersolution in x [0, T] and assume that 

u{x,0)>w{x')>0, it(0,0) = w(0) = 0, u{x,0)>0 on d^, 
for a function w defined on 1R."~^. Suppose that w satisfies 

(4.1) — > 0, for a sequence hj 0. 

with 



Then, 



ah '■= \{w{x') < h} D 7r„(ri)|, where 7r„(a;) := x' . 



u(0, t) > for any t > 0. 



Proof. Let h > he small such that the sub-level sets 5/i(0) of u is compactly 
supported in Q. Since u > w we obtain that 

ShiO) C i{w{x') <h}n 7r„(r!)) X [b, oo), 

for some 6 < (since G Sh{0)). We apply Proposition 14.11 for hj < h (hence 



5/1^(0) C Sh{0)), with /? = -b. We conclude that 

Sh.Mt,) C {xn > 0}, tj = C(3 



2p 



2p ~h 



and obtain u{Q,tj) > hj/4 > for a sequence tj — > 0. □ 

Remark 4.3. If p > 1/2 and the sequence above is bounded, then the conclusion of 
Corollarv l4. 21 still holds true. 



Next we investigate the case when w is identically 0. 

Proposition 4.4. Let u he a supersolution in Q x [0,T] with p < l/n. Assume 
that u > at t — and u(x, 0) > on dfl. Then, u > in fl for any t > 0. 



Proof. For p < l/n the proposition follows from Corollary 14.21 

Let p = l/n. Assume that for h > small we have 5^(0) C Bp for some p in 
< p < 1, and Sh{0) is compactly supported in il. We first show that for /? e (0, p] 
small, we have 

(4.2) Sh/4ito) C Bp_^(0), for to = 0/3'+^. 
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To this end, we will apply Proposition 14 . 1 1 for each xq G dBp in the direction (— .tq). 
Let us assume for simplicity that xq = {0, • ■ • ,0, —p). Then, since Sh{0) C Bp, we 
have 

Sh{0) n {-p < x„ <-p + 2/3} c X -p + 2/3). 

Applying Proposition 14. li we obtain that 

Sh/4{to) C K > -p + (3}, for to^CiPp'^)^^'^. 

and (|4.2p readily follows. 

We will now use (|4.2p to show that u > for t > 0. Let t > and fixed. Choose 
P := 1/k > with k the smallest integer so that C /3" < t, with C the constant 
from ()4.2p . Using this /3 we repeat the argument above k times, starting at p = 1, 
to conclude that 

S,,/^k{tQ) C Bi^kp, for to ^Ckp^+i. 
This shows that Sh/4k{to) = 0, for to = C/3- < t hence i) > /i/4'= > 0. □ 

Remark 4.5. For p > 1/n there exist radial solutions with a flat side that persists 
for some time. 

Remark 4.6. In the proof wc showed in fact that if w > 0, u{x, 0) > h on dBi then 

u{-,t) > /le"""" 

for some C universal. 

In the next results we investigate the case of angles i.e when w{x) — \xn\- First 
proposition shows that u separates instantly from the edge of the angle when the 
exponent p < The second proposition shows that this is not the case when 

Proposition 4.7. Assume u is a super solution, and p < -^^tj2- U 'u{x,0) > \xn\ 
and u{x, 0) > on dil, then u > for any t > 0. 

Proof. If p > then the proposition follows from Corollarv l4. 21 since Oh < Ch. 

Let p — Since u > |x„| we may assume without loss of generality that 

Sh{0) C B[ X [—h, h]. For each x'q G B[ we apply Proposition 14. II in the direction 
(— Xg), in a manner similar to that used in Proposition 14.41 to show that 

{P\S'\)^P 



S!,{to) C B[_fj X [-h/4:,h/4\, forto^C- 



J^np- 
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Notice that this time \S'\ — h \B'^^\, where is an n — 2 dimensional ball, hence 
(since p= 

(hd^)^P 
to>C ^/ \ =C(3—. 

Now the proof continues as in the proof of Proposition 14.41 and we obtain 

Tl-2 

u{-,t) > he^^* ~^ . 

□ 

Proposition 4.8. There exists a non-trivial solution u of equation 

(4.3) ut = (det D^uf, on M" x [0, oo) 

for which u{x, 0) > |a;„| and u{0, t) — 0, for all t G [0, S\, for some 5 > Q. 
Proof. We will seek for a solution u of the form 

(4.4) u{x,t)^f{t)v{^) 

for some functions / = f{t) and v = v{y). The function u satisfies (j4.3p if and only 
if 

(-/') Vv{j)^ui^ ^f-"P{detD'vr. 
We pick a function / which satisfies 

(4.5) -f'^f-P. 
Solving (|4.5p gives us 

(4.6) fit) = [{l + np){T-t)]TT^. 

for any constant T > 0. We will next show that there exists a function v = v{y) 
such that 

(4.7) yVv-v = {dctD\f, viy) > \yn\, w(0) = 0. 

The existence of such a function v implies the claim of our proposition. To this 
end, we seek for v of the form 

(4.8) v{y', y„) = HWlyn) = ^{\y'\) 
with g{s) > \s\. A direct computation shows that, 

/ / Un III i\ ~ liVn\ II \ 

vi=Lpg-Lp—g=ip[g-sg), V2 = g { — ) ^ g [s) 
if if 
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with s — Un/^- Also, 

fl / l\ . I II Vn I ~ ^ II ~ ^11 

vii = ip{g-sg) + tpsg—ip, vi2 = sg , W22 = - • 

Using that yn/v = ■^j we get 

yVv -V = \y'\ip' [g - sg')+ y^g' - ifi g ^ {\y'\ ^' ~ v) (.9 - sg')-, 
and also, 

deti?^. = ^g"(g-.g'r-i {^~\ 

\\y\J 

Separating the functions g and 0, we conclude that v satisfies (j4.5p . if 

, \ n-2 



9"{9-sgr-'-^ and (^pj ^ {W\^' - ^. 

For the second equation we seek for a solution in the form ip{r) = Cn,pr^ with 
(3 > 1. We find that ip satisfies the above equation if 

{(3-2) {n-l)^^+P 
P 

which after we solve for (3 yields to 

2 {n - 1) 



in-2-l/p)- 

Since we need (3 > 1, we have to restrict ourselves to the exponents p > ;;732- 

Next we find an even function g, convex of class C^'", that solves the ODE for 
g in the viscosity sense and for which g{s) — \s\ for large values of s. Rewriting the 
ODE and the conditions above in terms of the Legendre transform g* of g we find 

(5*)" = \g*r'-'/P in [-1, 1], .g*(l) = g*{-l) = 0. 

The existence of g* follows by scaling the negative part of any even solution g to 
the ODE above, i.e g*{t) = ag{t/b) for appropriate constants a and h. We obtain 
the function g by taking the Legendre transform of g* . 

□ 



Remark 4.9. Proposition 14.81 shows that in the Gauss curvature flow (|1.3p with 
exponent p, if the initial data is a cube, then the edges (n — l-dimensional) move 
instantaneously if and only if p < ■;;32 • particular case of the classical Gauss 

curvature flow with p — 1, the edges of the cube move instantaneously if and only 
n < 3. 
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5. The geometry of lines 

Our goal in this section is to prove Theorem [531 which constitutes the paraboHc 
version of the result of Caffarelli for Monge- Ampere equation. Theorem 15.31 deals 
with extremal points of the set {u — 0} for a nonnegative solution u of (|3.ip . 
We begin by giving the definition of an extremal point of a convex set (cf. in llOj , 
Chapter 5). 

Definition 5.1. Let D be a convex subset o/M". The point xq S dD is an extremal 
point of D if Xq is not a convex combination of other points in D. 

We now give the main results of this section. The first Theorem states that a 
constant segment in time can be extended backward all the way to the initial data. 

Theorem 5.2. Let u be a solution of equation (|3.ip on x [— T, 0]. Assume 
u{0,t) = for < G [—6, 0] and there exists a section Shg (0) := {u{x,0) < Hq +Pho ' ^} 
at (0, 0) that is compactly supported in fl. Then u(0, t) = for all t G [—T, 0]. 

The second Theorem states that if the graph of w at a given time coincides with 
a tangent plane in a set D that has an extremal point in and D contains at least 
a line segment, then u agrees with the initial data on D. 

In other words, a line segment at a given time either originates from the boundary 
data at that particular time or from the data at the initial time. 

Theorem 5.3. Let u be a solution of equation (j3.ip on fix [— T, 0], for some convex 
domain Q C ffi.". Suppose that at time t — we have u > 0, and the set 

D ■={u{x,0) = 0} 

contains a line segment and D has an extremal point in fl. Then, 

u(x, — T) = 0, for all x ^ D. 

As a consequence of the theorems above we obtain the following: 

Corollary 5.4. Assume u is defined infix [— T, 0] and u{x. —T) > on 9f2. Then 
u is strictly convex in x and strictly increasing in t at all points {x, t) that satisfy 
u(x, —T) < u{x, t) < 0. 

We first prove Theorem 15.21 



° REGULARITY OF SOLUTIONS TO PARABOLIC MONGE-AMPERE EQUATIONS 17 

Proof of Theorem 15.^1 By continuity of u the section 

Sho (-0-) := {u{x, -a) < Hq + phg ■ x} 

at (0, —a) is also compactly included in for a small cr e [0, S]. Let d be sufficiently 
large so that Shg{~cr) is d-balanced around 0. By Lemma [2.41 for each h < ho we 
can find a section cr) which is C„(i-balanced around 0. We apply Proposition 
I3.f 21 (see Remark I3.f3p and use that u{0, 0) — u{—<j, 0) = < h/2 to conclude 

Assume next that u{0, —to) = 0, for some to > o. We apply Proposition [5T3] (see 
Remark |3.4[) at (0, —to) in the set S := Sh{—(j) and conclude 

u{0,t)>-h, for t>-to-c{d)^-^^^. 

Using the bound on a we find that u(0, t) = for t > —to — c{d)a and the conclusion 
follows. □ 



Next lemma is the key step in the proof of Theorem [ 

Lemma 5.5. Assume u(se„,0) — for s G [0,2] , and for some to > 

u(e„, -to) > -h, TehiO, -to) C Bs CC il, 

where rg/j(0, — ^o) the centered section at at time -to- Then 

u{en, —Mto) > —2h, with Af = 1 + cS^'^p , (c universal). 

Proof. Since u(2e„,— to) ^ '"(2e„,0) = 0, the convexity of u(-,— to) implies that 
u{0,—to) > —2h. We apply Proposition 13. f 21 (sec Remark I3.f3p in the section 

Teh T6/i(0, -to) = {u{x, -to) < u{0, -to) + Gh + peh -x} 

and conclude that 

Indeed, otherwise we obtain u(0,0) > h which contradicts the hypothesis. Since 
Tqii C Bg and has as center of mass, we find 

\Teh\ < CS\T^^\, where T^^ := {x' G M"-i| (a;',0) G Teh}, 

for some C depending only on n. Using the inequality for to we conclude 

\T' |2p 

(5-1) > 
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Now we apply Proposition 13.31 (see Remark 13. 4|) for the function 

u = u — p'gf^ ■ x' — 6h 

in the convex set S which is the convex hull generated by the n — 1 dimensional set 
Tg^ X {0} and the segment [0, 2e„]. Notice that u is negative at time —to in S and 
u{en, —to) > —7h. Since S is d-balanced with respect to e„ with d depending only 
on n we conclude that 

(2\T' h^P 

u(e„,-t) > -8/1 for t>-to~c^j-;^^, 
with c universal. Using (|5.ip we find u{en,t) > —2h if t > — to(l + C(5^^p). 

□ 



Proof of Theorem \5.S\ Assume for simplicity that G is an extremal point for 
D and 2e„ G D. We want to prove that u(2e„, — T) = 0. 

Fix ^ > small, smaller than a universal constant to be specified later. There 
exists CT > depending on u and 5 such that 

r6ft(0, -t) (ZBsCCfl for aU h, t G [0, a]. 

Indeed, otherwise we can find a sequence of hn,tn tending to for which the 
inclusion above fails. In the limit we obtain that can be written as a linear 
combination of two other points in D (one of them outside Bg) and contradict that 
is an extremal point. 

First we show that u{x, —a) = on the line segment [0, 2e„]. Using the Holder 
continuity of w in t at the point (e„, 0) we find that for small to > 0, 

M(e„, -to) > := -C(u)tf^. 

We can apply Lemma [13] inductively and conclude that as long as Al^~^to < cr, 
< a then 

M(e„,-M'=to) > -2''h. 
We choose 5 small enough so that M — 1 + c5~^p > 4"''+-^. Then 

2*^/1 < C{u)2-''{M''to)^ < C{u)2^^{M(j)^. 

This shows that if we start with to small enough then M''-Hq < a implies 2'''^h < 
a and moreover, as to ^ then 2^h ^ as well. We conclude that w(e„, — cr) = 
hence u{x^ — cr) — on the line segment [0, 2e„]. 

Now we can use Theorem 15.21 for the points (se„,0) for small s > which are 
included in a compact section at the origin at time t = 0. Since u{sen-,t) = for 
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t (z [— (T, 0], we conclude that M(se„, — T) ~ for small s. Then convexity in x and 
monotonicity in t imply u{x, —T) = on the segment [0, 2e„]. 

□ 

6. The geometry of angles 

Our goal in this section is to prove the analogue of Theorem l5.3l for angles. That 
is, if w : il X [— T, 0] ^ M is a solution to (j3.1|) for which the graph of u at time 
t — Q has a tangent angle from below, then this angle originates either from the 
initial data — T) or from the boundary data on at time t = Q. 

Throughout this section we will denote by x' points x' — (xi, • • • , Xn-i) G M"^^ 
and hy X — {x' , Xn) points in W\ Our result states as follows. 

Theorem 6.1. Let u : Qx [— T, 0] ^ R be a solution of equation (|3.ip with C M". 
Assume that at time t = 0, we have m(0, 0) — 0, u{x, 0) > \xn\ and is an extremal 
point for the set D := {x Cz Q : u{x, 0) = 0}. Then, u{x, —T) > \xn\- 

The proof of Theorem 16.11 is more involved than that of Theorem 15.31 We 
introduce the following convenient notation. 

Definition 6.2. For negative times t < we say that 

ih,a) e Atiu) C M+ 

if there exist vectors qi,q2 G M" such that 

u{x, t) > u(0, 0) — h + max {qi ■ x,q2 ■ x} 

in r2 and (gi — 92) • e„ > a. Whenever there is no possibility of confusion we write 
At instead of At{u). 

Remark 6.3. The statement (ft,, a) g At is in fact a one-dimensional condition on 
It says that, when restricted to the line se„, we can find a certain angle 
below the graph of t). The vertex of the angle is at distance h below u(0, 0) at 
the origin and the difference in the slopes of the lines that form the angle is a. 

Clearly, if (ft, a) G At^ then (ft, a) e At for all t > ti. The statement (ft, a) G 
At remains true if we add to u a linear function in x or if we perform an affine 
transformation in the x variable that leaves e„ invariant. 

Next proposition is the key step in proving Theorem 16. II and later for obtaining 
interior C^'" estimates. 
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Proposition 6.4. Let u be a solution of equation ()3.1|) with u{0, 0) = 0. Assume 
that at time —to, (to > 0) the solution u satisfies for a fixed constant Co and a 
parameter 6 < 1: 

i. {h, a) € A^to '^'^d (Cq ft-, (1 + 5)a) ^ A^taj '^^^ 

ii. there exists a section (at distance h from the origin) 

Sh ■■= {u{x, -to) < h + q -x} 

ofu{-,—to) which is d-balanced with respect to the origin and is compactly 
supported in f2. 

Then, 

(^0 ^' ^ ^"'^ to<t<to + c{d) 5-2p to 

for some c{d) > 0. 

Remark 6.5. From the proof we will see that we can take the constant Co ~ 100. 

Proof. Since {h,a) G A^toj we have u{x,t) > —h + maxjqi ■ x,q2 ■ x}, for some 
vectors <7i , (72 • Without loss of generality, we may assume that qi , (72 have only 
components in the e„ direction. This reduction is possible by first subtracting the 
linear map 2i±22. . ^ and then performing a linear transformation that leaves e„ 
invariant. Thus, assume that 

Uix, -to) > -h+^ \Xn\- 

Since Sh is c?-balanced, the inequality above and Remark 12.31 imply that 

Sh C {|a:„| Kid-}. 

a 

Thus, if S',^ := S'/i n { a;„ = }, we have 

\Sh\<Cd-\S'h\. 
a 

Since u(0,G) — and u{0, —to) > —h, Proposition 13 . 1 21 implies that 
and from the previous estimate we have 

(6-1) to<cid)'-LhL^. 
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On the other hand, since (Co /i, (1 + S) a) ^ ^-to there exists sie„ G fl with 
si > 0, such that 

u(sie„,-io) < -Coh+^{l + 2S)si. 

Otherwise the angle with vertex at —Co and Hnes of slopes —a/2, a/2 + 6a would 
be below the graph of u{x, —to) on the line and we reach a contradiction. 

Since u{si e„, —to) > —h + ^ si, the above yields the bound 

^ (Co-l)/i 

si > J := So- 

a 

Moreover, since u(0, —to) < u{0, 0) < and 

a a 
u{sien,-to) < -Coh+ -{l + 26)si < -(l + 2,5)si 

the convexity of —to) implies that 

u{s e„, -to) < I (1 + 2 (5) s, Vs e [0, sq] C [0, si]. 

Hence, if s G [0, so], then 

a a 
u{s e„, -to) < — s + aS So = {Co - 1) h + — s. 

Recalling that := {u{x, —to) < h + q' ■ x' + qnXn}, it follows from the above 
discussion that the set 

{u{x, -to) <{Co-l)h + q' -x' + ^Xn} 

contains the convex set S which is generated by 5^ :— Sh H {xn — 0} and the 
segment [0, soe„]. It follows from the convexity of S that 

(6.2) \s\>c„\S'^\so^c,,\S'^\^-^^^^^ 

a 

for some universal c„ > 0. 

We apply Proposition 13.31 (see Remark l3.4p for S which is Cc?-balanced around 
Soe„/2 and with h = Cq/i, S = 1/30, and find that (since Cq > 100) 

fSoCn ,. ^ 1. , " ^0 Coh a 6 So 

u( , — i)>— AiH > — 1 I — 

^2'^- 22 30-2^ 5^2 

for 

-t^-c{d)j^,<-t<-to. 

Observing that a similar consideration holds for negative Xn and using (|6.2p we 
conclude 

,(±f££!i,_i)>^(l„^)f£ 

^ 2 ' ^ - 2 ^ h' 2 
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for 

—[-0 — <-v"; 

or, from (16.11). for 



-^0 - c(d) j-^^ <-t< -to, 



-to - c{d)S^^Pto < -t< -to. 
It follows that for such t we have (since u(0, —t) < 0) 

V.(±^,-t).(±e„)>|(l-^). 



Setting 



we obtain 



9i = Vu(— — and q2 = \/u{ 



[qi - 92) • e„ > a (1 - -) > -— j- 
t> i + 2 

since (S < 1. From the convexity of — t) and the inequalities 
u{so e„, -t) < u{so e„, -<o) < So + {Co - I) h 

/SoCn a So Co - I, 

u( ,—t) > h 

^ 2 ' ^- 2 2 20 

we conclude that the tangent planes at ±^2^ for u{-,—t) are above —2Coh 

therefore — Cg/i) at the origin. This implies that 



which finishes the proof of the proposition. 



Remark 6.6. If hypothesis ii) is satisfied only for a time —t with t <to i.e 

Sh ■= {u{x, —t) < h + q ■ x} CC and Sh is c?-balanced around 0, 

then the same conclusion holds in the smaller time interval 

^ e A-t, for to < t < to + c{d) 6^^^ i. 

Indeed, the only difference appears when estimating \S'f^\ from below: in 
we have to replace the left hand side to by i. 



° REGULARITY OF SOLUTIONS TO PARABOLIC MONGE-AMPERE EQUATIONS 23 

Remark 6.7. If x* denotes the center of mass of the d-balanced section Sh at time 
—to, then it foUows from the proof of Proposition 16. 41 and Remark 12.31 that 

u{x, —t) > —to) ~ h + max {qi ■ {x — x*)} 

i—1,2 

for to <t<to+ c{d) S-'^P to, with 

(qi-q2)-en>- j", = Vu (— — , -t). 

i + 2 ^ 

In other words, if u is the translation of u defined by 

u{x, t) — u{x + X* , t — to) ~ u{x* , —to) 

then 

^C(d) h, ^ A^t{u), for < t < c{d) S''^^ to. 

We will now proceed to the proof of Theorem 16.11 



Proof of Theorem \6.1[ We will denote throughout the proof by uq u{-, 0). Since 
uo > 0, and is an extremal point for the set D = {uq = } we can find (as in 
the proof of Theorem 15. 3p do '■= croi^) > small, depending on u, such that if 
< h,t < (Jo then the section 

Th-t ■■= {u{x, -t) <h + q- x} 

of u{-, —t) that has a:: = as center of mass is compactly supported in Q. Thus, by 
John's lemma T^^-t is C„-balanced with respect to the origin. 

Let < S < So with Sq small universal constant to be made precise later. Without 
loss of generality we may assume that uq is tangent to |a;„| on the line x' = at 
the origin, i.e. we have 

(6.3) hm !f£(^ = i and lim ^ 

x„-^0+ Xn x„^0- Xn 

Hence, by taking cti = ai{S, u) smaller than ao, depending also on 6, we can assume 
that 

h,2{l + ^)^ iAo, forh<ai. 

Choose h << ai. Since uo is Lipschitz in say Ba C f2 with |Vuo| < 1/a, for some 
small a we find (using Proposition (|3.3p ) that at time —to, given by 

un2p 

:=c(a)^=c(a)/.-+i 
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the we have u{x, —to) > uo{x) — h for x 6 Ba- This easily imphes 
(6.4) ih,a)eA^to, a:=2(l-^/i). 

Also notice that 

(ji, a (1 + 6)j ^ Aq, if h,h<a2 = o'2(a, ci). 
We choose 5o such that 

M2 := c(C„) > c(C7„) V''' Co'°("p+i) 
where c((i) is the constant that appears in Proposition l6.4l 



Lemma 6.8. As long as M'^to < <to o,nd Cg'^^^ h < 02, there exists < m < k 
such that 

(6.5) I^Co^'^-™ h,aj^--- ^-^^ e A_M. . 

Proof. We will use induction in k. When fc = we take m = and we use (|6.4p . 
Assume now that the statement holds for k and let m be the smallest so that (|6.5p 
holds. If TO > 0, then 

Combining this with (|6.5p . and applying Proposition 16.41 we find that 

f -"+^ « . . . — ^A-u if t < to 

V ^ + 2 ^ J 

which proves (|6.5p for the pair (fc + 1, to + 1). 

If TO = 0, then (Cq*^ /i, a) G A-Af" to- the other hand, since Cq'^^^ ft. < tT2 we 
have (C^'=+^ /i, a (1 + (5)) ^ Aq, thus 

(C3'=+i/i,a(l + <5))^^_M^to- 
Hence, by Proposition 16.41 

for t < M^^"^ to which again proves (|6.5p for the pair (fc + 1, 1). This concludes the 
proof of the lemma. □ 
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We will now finish the proof of the theorem. Since M > (7^^"?'+^) aj^d = 

f^fflP+l ^Jj^g^^ |-J^g Jg^g-J- ^ Af ^ Q ^ WB SEtlsfy 

C^''+^h < CoJVn^h < C{ao) hi < cj2 

if /i << (72 is sufficiently small. Also, if 8 is chosen small, depending on ctq and T, 
for the last fc we also have M^^"^ to > T . We conclude from the lemma above that 

{C[ao)hi,ae-^) G A_t 

and by letting ft, ^ we obtain 

(0,2e-^) G^_T. 

Finally, letting (5 — > we conclude that (0, 2) e A-t which proves the theorem. □ 

7. C^'" REGULARITY - I 

In the next two sections we establish C^'" interior regularity of solutions to 
p.ip . They are based on quantifying the result of Theorem l6.ll In the elliptic case 
C^'" regularity is obtained by a compactness argument. However, in our setting 
compactness methods would only give continuity for exponents p < j;zj2- "^^^ 
reason for this is that in the parabolic setting it is more delicate to normalize a 
solution in space and time. 

The main result of this section is the following Theorem (see Definition 12. ip . 

Theorem 7.1. Let u be a solution to (|3.ip m x [— T, 0] and assume there exists 
a section ofu{x,0) which is d-balanced around and is compactly supported in fl. 

a) If the initial data u{x, —T) is C^'^ at in the e direction then u{x, 0) is C^ " 
at the origin in the e direction with a = a{(3, d) depending on (3, d and the universal 
constants. 

b) lfu{0, 0) > u(0, —T) then u{x, 0) is C^'" at the origin with a = a{d) depending 
on d and the universal constants. 

Part 6) will be improved in Theorem 18.41 in which we show that a can be taken 
to be a universal constant. As a consequence we obtain Theorem ll.il 

Proof of Theorem ] 1. 11 In view of Remark 12.31 at a point (x,t) for which u(x,t) < 
Cm with c„ small depending only on n the centered section Th{x, t) at x, for small 
h, is compactly supported in fl. Clearly u{x, 0) is C^'^ at an interior point of the 
set {u(x, 0) = 0}. Thus we can apply Theorem 17. II with d depending only on n and 
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(3—1 and obtain the desired result. If Cn < u{x,t) < 1 then we can apply directly 
Theorem 18.41 and obtain the same conclusion. The second part of the theorem 
follows similarly. 

□ 

The following simple lemma gives the relation between the sets At defined in 
Definition 16.21 and C^'" regularity. Its proof is straightforward and is left to the 
reader. 

Lemma 7.2. Let / : M — > M 6e a convex function with /(O) = and let q be a 

sub-gradient of f at x = 0. //, for some x, we have f{x) ~ q ■ x > a then 

(7.1) {h,arhhrf^)eA{f) 

with h — a Conversely, if for some number h, (j7.ip holds, then 

fix)-q-x>^\x\'+'^ 
for some x with \x\ = 4 (^) =+1 . 

As a consequence we obtain the following useful corollary. 
Corollary 7.3. The function u{x, 0) is C^ " at in the e„ direction if and only if 

{h,Ch^^)^Ao 
for some large C and for all small h. 

Theorem 17.11 will follow from the following lemma. 

Lemma 7.4. Assume that m : il x [— T, 0] ^ M is a solution of (j3.ip such that 
m(0, 0) = 0, u{x, -T) >l on dil, and 

(7.2) Bi_ c { u{x, 0) < 1 } C { uix, -T) < 1 } C Bi. 
Choose 5o{d) sufficiently small, so that 

(7.3) c{Cnd) S^^P = Co' := M, 

where c(C„(i) and Cq are the constants from Proposition \6.4\ and Cn the constant 
from Lemma \2.4\ Assume also that {Cq'', (1 + ^o) ') G ^-to,. for some k > and 
some < to < T . 

There exists a constant Ci {d) > such that if toq is an integer satisfying 
3mo<k-l-Ci (d) and A/™° to > T, 



° REGULARITY OF SOLUTIONS TO PARABOLIC MONGE-AMPERE EQUATIONS 27 

then 



-T- 



Proof. Define ry : N ^ Z as 

(C7o-^ (1 + So)-''^"^-') e A^to but (1 + 5o)-"<'^) ^ 

Clearly, 

i) ry is nondecreasing i.e ry(fc + 1) > »7(fc), 

ii) 77(0) > -Ci{d), and 

iii) r7(fc) < I (by assumption). 

For each integer m with < m < .^Ldz^ZlM ^ -^e define as the largest s, < s < k 
that satisfies 

?7(A: — s) < I + 3to — s. 

Notice that we satisfy the inequality above when s — and the opposite inequality 
when s — k. We obtain: 

(7.4) ri{k — s,fn) — I + 3m — s™, thus Sm — 3to < / + Ci{d). 

Also, from the definition of s„j we find that s^+i > s,„ + 3. 
Claim: There exists {ri,r2,r^) G , ri > 0, such that 

(7.5) (c;.-,(i + ..r-'^^^^|J^^)e^_... <.„ = M-<„ 

(7.6) - r2 + ra = 3rn, ra < m, ri + ra < s,„ ( <^ < r2 < s„i - 3m). 
Proof of Claim: In order to simplify the notation, instead of (|7.5p we write 

We will use induction on m. For m = the claim holds from our assumption 
iCo\{l + So)-') e if (ri,r2,r3) = (0,0,0). 

Assume now that the claim holds for m. Consider the pairs 

(ri + s,r2,r3 - s), if < s < ra 



(ri + s, r2 + s - ra, 0), if s > ra 
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where (ri,r2,r3) comes from the induction step m. When s = the first pair 
belongs to A-t^ , by the induction hypothesis, and when s — Sm — ri the second 
pair doesn't belong to A-t^ , since for that choice of s the second pair is 



from the definition of the function rj given above. Note that for s = the two 
pairs are the same. 

It follows that either there exists an s < such that 

{ri + s,r2,r3 - s) e A-t„, and {ri + s + I,r2,r3 - s - 1) ^ A-t^ 

or, there exists an < s < s,,,, — ri such that 

(ri + s,r2 + s -r3,0) e A-t^ and (ri + s + 1, ra + s + 1 - rg, 0) ^ . 

In either case we can apply Proposition 16.41 Indeed, the hypothesis (|7.2p and 
Lemma [231 imply the existence of a section Sh of u(-,<) that satisfies ii) in Propo- 
sition [HH] for any h < 1 and any t E [— T, 0]. More precisely, Sh is C„c?-balanced 
section around and it is compactly supported in Q. We conclude that either 
(ri + s + 2, 7'2, r'a — s + 1) for some < s < ra or (ri + s + 2, r2 + s — 7'3, 1) for some 
s > belongs to A-Mt„^ ■ Notice that in both cases the sum of the first and third 
component is less than Sm + 3 < Sm+i- This concludes the proof of the claim. 

The lemma follows now from the claim above. Since M™" to > T and 
ri < Smo < I + 3mo + Ci(d), r2 > 0, 

we conclude that 



Remark 7.5. If we assume that hypothesis (|7.2p holds only on a smaller interval 
t e [— ri,0] instead of the full interval [— T, 0] then the same conclusion holds by 
replacing Ci{d) with a constant Ci(d,T/Ti). 

The only difference occurs in the inductive step that shows (ri,r2,r3) G A^t„^, 
and we have to distinguish whether tm < ?! or tm > Ti. The case when tm < Ti 
is the same and we obtain t,n+i = Mtm as before. In the case when tm > Ti we 
apply Remark [621 of Proposition 16.41 and obtain tm+i ~ tm + MTi. This second 





□ 
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case occurs at most T j {MT\) = C{d, T/Ti) times and therefore we need to replace 
mo by mo + C(d, T/Ti). 

Remark 7.6. If in the assumption (|7.2p we have a constant a instead of 1 i.e 
Si C { X : 0) < a } C { a; : u{x, -T) < a } C Si 

then the conclusion is the same, except that fc > is replaced by fc > C{a) and 

Ci{d) is replaced by Ci(d, a). 

Indeed, u{x, t) :— ^ u[x, a^^"'' t) satisfies the assumptions of the lemma with 
= a"P-i to and f = a"P-i T and (Co"''+^("' , (1 + do)-^-^^""^) G A.^Ju), hence 

the conclusion of the lemma follows. 

Next we prove Theorem 17. II 

Proof of Theorem \7. 1\ From the continuity of u we can assume that, after a linear 
transformation, we have the following situation: m(0,0) = 0, u{x, — Ti) > 1 on dfl 
and 

J5_L. C { 0) < 1 } C { -Ti) < 1 } C Bi 

for some small Ti e (0,T]. 

Let A: > 0, ^ be integers such that 

(Co-^(l + (5o)-') e Ao. 

In view of CoroUarv 17.31 it suffices to show that there exists e := s{d,f3) small 
(or e — e{d) for the second part) such that I > ek for all large k. Assume by 
contradiction that 

I < ek for a sequence of fc ^ oo. 

Then, from the Lipschitz continuity of u{x, 0) in Bi^^^ and Proposition 13.31 we find 
(as in the proof of ThcorcmEU) that (2Co"'=, (1 + Sq)^^ - C{d)CQ^) e A_t„ or, for 
k large enough 

(7.7) (C^^Ml + So)-'-') e A-to with <o := c(d)Co~'^"^+'\ 

Now we can apply Remark 17.51 and conclude that if 

3mo <k-l-Ci and M'^Ho > T 

then 

(^0^^+^"'"+'-'', (1 + So)-'-^') e A-T with Ci = Ci(d,T/Ti). 
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We choose toq — [|] to be the smallest integer greater than k/6. Clearly both 

inequalities for toq are satisfied for k large (we assume £ < 1 /6) since 

and 

M"'Ho > Cf^^'^'+^ho ^ oo as fc ^ oo. 

Thus 

(C•(7''/^ (1 + Sq)-"^^^) e A^T for a sequence of fc oo. 

We reached a contradiction if u{Q, —T) < (we choose e — 1/6). 
If we assume that u{0, — T) = and u{x, —T) is C^'^ at in the e„ direction 
then it follows from Corollary 17. 3( 

logCo (i /I , f ^ 

^^<2£log(l + Jo) 

and we reach a contradiction again by choosing e((i, (3) small. □ 

8. C^'" REGULARITY - II 

In this section we prove the main estimates. Let u be a solution defined in 
51 X [—T, 0] and assume that u> l{x) on dVl x [— T, 0] for some linear function l{x). 
We are interested in obtaining C^'" estimates in x at time t = in any compact set 
K included in the section {u(x,0) < l{x)}. Theorem 17.11 gives such estimates but 
with the exponent a depending also on the distance from K to 9{M(a;,0) < Z(x)} 
which is not desirable. 

We can assume that after rescaling we are in the following situation: 

(8.1) \{deiD'^uf <ut< KiAeiD'^uY, inl7x[-r,0], 

(8.2) u > 1 on 9f7 X [-T,0], fl C Si(j/) for some y G M", 

(8.3) uq[x) :— u{x,Q) satisfies 'Uo(O) = 0. 

First two theorems deal with the case p < -^^^ and p = -;^zy2,- In view of 
the results of Section 3, C^'" (or C^) continuity is expected for these exponents 
regardless of the behavior of the initial data at time —T. 

Theorem 8.1. Let u be a solution of ((57T|l -(|0 )) with < p < and T < 1. 

Then, 

\\uo\\ci.^^K)<C{K)T-'' for any set K dC {un{x) < 1}. 

The constants Q!,7 > are universal (depend only on n,p,X and A), and C{K) 
depends on the universal constants and the distance between K and d{uQ{x) < 1 }■ 
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The example in Proposition [48] shows that the Theorem 18 . 1 1 fails whenp > 
For the critical exponent p = -^^^ we obtain a logarithmic modulus of continuity 
of the gradient. 

Theorem 8.2. Under the same assumptions and notation as in Theorem \8.1l if 

\yuo{x)-VuQ{y)\<C{K) \ \og\x-y\\-''T-\ Wx,y e K. 

Next two theorems deal with the case of general exponents p > 0. First theorem 
states that if the initial data u{x, — T) is C^'^ in the e direction then u{x, 0) is C^'" 
in the e direction with a = a{(3). 

Theorem 8.3. Let u be a solution of (l8TT |l -(|0 1l with p> 0. If 
deu{-,-~T) eC>^{S), S -.^ {u{x,-T) <l}, 

for some (3 > small, then for any set K dd { uq{x) < 1} 

The constant a — a(/3) > depends on [3 and the universal constants. 

The second Theorem is a pointwise C^'^ estimate at points that separated from 
the initial data at time — T. 

Theorem 8.4. Let u he a solution of (|8.ip - (|8.3p with p> 0. If 

u(0,0) -m(0, -T) a > 
then, there exists q G M" for which 

\uo{x)~q-x\ < C{a) |a;|i+" 

with a universal and C{a) depends on a, the distance from to d {uq < 1}) and 
the universal constants. 

The theorems above will follow from a refinement of Lemma 17.41 We show that 
we may choose Sq universal in Lemma 17.41 and satisfy the conclusion at a point x 
possibly different from the origin. The key step is to use the part b) of Lemma l2.4l 

Lemma 8.5. Let u : il x [— T, 0] R be a solution of ()3.ip such that u > 1 on 
dfl X [— T, 0] and u(0,0) — 0. Let E he an ellipsoid centered at the origin such that 
\E\ > \Bi\ and 

E C {m(x,0) < 1} C {uix,-T) < 1} C Bi{y). 
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Let 5o , M be universal as they appear in Lemma \7.4\ for d ~ Cn the constant from 
Lemma \2.4\ Then, there exists a constant C{j) (depending on universal constants 
and j) such that if k > 0, I are integers and 

{C^\ (1 + So)-') e A_t, for some to G (0, T] 

and mo is an integer satisfying 

3mo<k~l~C{j), M"no>c(j)r, 

then we can find a; e { u{x, —T) < 1 } such that 

u{x, -T) > u{i, ~i) - C^U)+l+3mo-k ^ ^^^^^^ _ _ -^^^ 

2 — 1,2 

with 

i = T - ^ (<Z2 - qi) • e„ > (1 + <5o)-'-^^^'). 

Remark 8.6. Another way of stating the conclusion of the lemma is that the trans- 
lation 

T 

(8.4) u{x, t) u{x + x,t — t) — u{x, —t), t — T — 

^u) 

satisfies 

Proof. The proof is by induction in j. 

The case j = 1 is proved in Lemma [7^ Indeed, since -81/2 C E C Bi{y) C -8^/2 
we see that the hypothesis (j7.2p is satisfied and the conclusion holds for x — 0. 

For a general j we start the proof as before. The only difference here is that we 
cannot guarantee in the induction step m => m + 1 that there exists a section at 
time —t„i = — A/^to which is C„ d ^ balanced around the origin. 

Let's assume this fails for a first integer m. By Lemma HH] we can find a Ci{j)- 
balanced section (with Ci{j) > C^) at the time —tm- The idea is to apply Propo- 
sition 16.41 as in the induction step and then to "replace" the origin with the center 
of mass X* of this section. To be more precise, by Remark 16.71 the translation 

u{x, t) — u{x* + X,t — tm) — u{x* , ~tm) 

satisfies 

(C2(j) Cl^-\ (1 + 5,Y^-' e-^°) G A_i^{u) 

with 

to :=ci(j)i„ = ci(i)M™io 
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and from ^^-^^ 

ri<3m + r2, < ra < / + CaO). 

Here we assumed that T > t„i + to, otherwise the proof is the same as before by 
taking x — 0, and there is no need to change the origin. Notice that mo > to if 

CU) > l/ci(j). 
The above imply 

with 

I := I — r2 + Ci and k = k — (3to + — Ci{j). 
Now we apply the induction (j — l)-step for u. First we set 

Too := Too — to and T := T — t„i, 

and we have T > > ci(j')i,„ > C2{j) T. 

By Lemma [2.4l the maximal ellipsoid centered at the origin and included in the set 
{u{x,0) < d} has volume greater than 2^^^ \Bi\. The constant S, = 1 — u{x* , —t„i) 
and by Remark 12. 3[ C3{j) < d < l/csQ). Thus in order to apply the rescaled 
induction step for u we need to check that (see Remark 17.61) 

fc > C'{j), 3mo<~k- l~ C"(j), M^Ho > fC'{j) 

for some large constant C'{j). 
If C{j) is sufficiently large then 

M"« to = M™"-" ci(j)M™ to > C{j)ci{j) T > C'{j) f , 

and 

k — {I + 3too) = k — I — 3{m + rho) — C^ij) — Ci 
(8.5) = {k - I - 3mo) ~ Cr^ij) 

>Cij)-C,U)>C'ij). 

and also, 

k>k-{3m + l)-C3{j)~C4{j) 
>k- (3too + - Ce(j) > C{j) - Ceif) > C'{j). 

From the equality in (|8.5p . T > C2{j)T and / < l+Ci we clearly obtain the desired 
result when we apply the induction step by choosing C{j) sufficiently large. □ 



T 
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Remark 8.7. If in addition to the hypothesis of the lemma we have 

u(0,0) - w(0,-T) > a, 

then 

U{i, -i) ~ U{X, > ^ - ^CW+Z+S^e-.. ^^^^ 

This and the conclusion of the lemma imply 

with C{j) a constant larger than the previous ones. 

Proof of Remark \8. 7[ From the proof of Lemma 18.51 we see that when for a certain 
TO we replace with the center of mass x* of the section Su ■— { u{x, —tm) < l{x)} 
(for I hnear) with h = C^^^^, then 

u{x*,-t^)-lix*)>-Cij)h. 

On the other hand, we have 

u(0, -T) - l{0) < u{0, -T) - u(0, 0) < -a, 

and since — T) — /(x) is negative in Su, at x* we have 

u{x\-T) -l{x) < 

In conclusion 

u{x*, -tm) > u{x*, -T) + a, a:= - C{j) h. 

Since we perform this change of origin at most j times we obtain the desired result. 

□ 

Proof of Theorem \8.1[ Let 

(C(7^ (1 + (5o)"') e Ao, for some A: > 

where Cq and Sq are the constants taken from Lemma l8.5l Let E be an ellipsoid of 
volume 2^^ around the origin included in the set {x : uq{x) < 1} where j depends 
on dist(fc, d {uo{x) < 1}. In view of Lemma [7T2l it suffices to prove the existence of 
constants eo and Ci universal and C(j) such that 

(8.6) l>eoik + Ci\ogT)-CU). 
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Since our assumption {Cq'', (1 + (5o)^') G implies that I > —Co{j) if k > 0, it 
follows that ()8.6p is satisfied, for some C{j), if 

k<-Ci logT + Ciij), 

where Ci(j) will be specified later. Assume, by contradiction that (|8.6p does not 
hold. Thus, since T < 1, 

(8.7) eok>l, for some k > -Ci logT + Ci{j) > Ci{j). 
Using the Lipschitz continuity of uq we obtain, as in (|7.7p , that 

(C7o-^ (1 + So)-') eAo^ {Co^+Kil + 6o)-' - CU) C^") e A^^o 
with to = c{j) Cq which implies that 

(Co-^-+\(l + Jo)-'-^)e^-to. 

We now apply Lemma lSTSl with too = [ f ] and check that he hypotheses are satisfied. 
Recall that M = (^^^("p+i) ^^^^^ 

M™« to > C{j) c(12™o-fe)(np+l) > > fj^--^ rj. 

Also, I < eok implies that 

2k 

(8.8) > — > 3too + ; + C(j) 

O 

by choosing Ci (j) sufficiently large. 

Thus, Lemma [8.51 holds. Now we apply the estimate ()6.ip for the translation 
function u of (|8.4p that appears in the conclusion of Lemma [5751 In our case 

h = c^U)+^"^o+i^\ ^ ^ ^ So)-'-''^'\ to - 

Since Sj^ C i?i(2/) we have jS"- 1 < C, hence 

^i-(n-2)p~-2p > r 



C2ij)' 
Using (|8.8p we have 

(1 - (n - 2)p)(-^) log Co + 2pl log(l + So) > logT - C3(j) 

or 

/ 9 i.->r^i. .T r-r^ (1 - (n ~ 2)p) log Co 

Z - 2.0 fc > C logT - C4(j), .„ := i2plog(l + 5o) 

and C universal. We obtain the inequality 

eofc<C|logr| + C4(j) 
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which contradicts our assumption ()8.7|) if we choose the constants Ci and Ci{j) 
appropriately. This concludes the proof of the theorem. 

□ 

We will next sketch the proof of Theorem 18.21 for the case p = -^^^ . 

Proof of Theorem \8.2[ The proof is the same as above with the difference that we 
need to replace k by logfc in (|8.6p . i.e. we need to show that there exists and Ci 
universal such that 

(8.9) />eo(logfc + Ci logT)-C(j). 



After we apply Lemma 18751 we know that the translation m is a above an angle of 
opening a at time —to and it separates away from it at most a distance h at time 
0. Now we use the stronger estimate (rescaled) obtained in Proposition 14. 71 instead 
of dm]). We find 



hence 



We obtain 



k ^ Cjj) (1 + ^o) 
3 - j^c 



l>2eo logfc + ClogT-C(j), 
and we finish the proof as before. □ 

We will now proceed with the proof of Theorem 18. 31 

Proof of Theorem ] 8. 3[ We begin by observing that since uo(0) — 0, then 

T<C(|K,-T)|L^(g)). 

We want to prove that if {Cq'', (1 + ^o)~0 G ^o, for some fc > 0, then 

(8.10) l>eok + C{j, a) with a \\de„u{-, ~T)\\cfi(^s) 

for some eg depending on /3 and universal constants. To show (j8.10p we argue 
similarly as before. If (|8.10p doesn't hold, then 

eo fc > Z, for some k > Ci{j,a). 
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We set mo = [ I ] and that the hypotheses of Lemma 18.51 are clearly satisfies. We 
find that 

(^^cif)+3^o+i-k^ (1 + 5o)-'-^(^') e A_fiu) 
from which we conclude that 

Using that 9e„u(-, — T) G at x we obtain 

log(l + (5o) , r^fw-^ ^ ^ nc \ 
— 7; {I + C{])) > —— - - C{j, a) 

log Co P + I 6 

from which we derive a contradiction if eo(/3) is chosen sufficiently small and Ci{j, a) 
is chosen large. This concludes the proof of our theorem. □ 



We finish with the proof of Theorem [ 

Proof of Theorem \8.4\ We use the previous notation. It suffices to show that for 
some £0 universal 

I > eofc - C(j, a). 

From Proposition l3 . 1 21 we obtain the bound T < C{j, a). Now the proof is the same 
as before. In view of the Remark 18.71 our hypothesis implies that 

'-'0 — '^i 

and the conclusion clearly follows. □ 
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